This article was downloaded by:

On: 28 January 2011

Access details: Access Details: Free Access

Publisher Taylor & Francis

Informa Ltd Registered in England and Wales Registered Number: 1072954 Registered office: Mortimer House, 37-
41 Mortimer Street, London W1T 3JH, UK

VOLIME L% WUMBIE 3 U0 HEN: B LR Physics and Chemistry Of Liquids
Physics and Publication details, including instructions for authors and subscription information:
Chemistry of Liquids http://www.informaworld.com/smpp/title~content=t713646857

AN INTERNATIONAL JOUARNAL

Magnetic Field Effects on Diffusion In 2-Dimensional Electron Fluid

S. Ranganathan® R. E. Johnson®; C. E. Woodward"

2 Department of Physics, Royal Military College of Canada, Kingston, Ontario, Canada ® Department
of Mathematics and Computer Science, Royal Military College of Canada, Kingston, Ontario, Canada °
Department of Chemistry, Australian Defence Force Academy, Canberra, Australia

Norman K. March S Online publication date: 27 October 2010

Emaritas Protesios, Dufard Unkeersity. 0K
K. Angilalla

Gluseppe 6.
{Co-Erfier] Uriversits o Catania, (starcs, Jlsly

To cite this Article Ranganathan, S. , Johnson, R. E. and Woodward, C. E.(2002) 'Magnetic Field Effects on Diffusion In 2-
Dimensional Electron Fluid', Physics and Chemistry of Liquids, 40: 6, 673 — 684

To link to this Article: DOI: 10.1080/0031910029001/0446
URL: http://dx.doi.org/10.1080/0031910029001/0446

PLEASE SCROLL DOWN FOR ARTICLE

Full terms and conditions of use: http://ww.informaworld. confterns-and-conditions-of-access. pdf

This article may be used for research, teaching and private study purposes. Any substantial or
systematic reproduction, re-distribution, re-selling, |oan or sub-licensing, systematic supply or
distribution in any formto anyone is expressly forbidden.

The publisher does not give any warranty express or inplied or make any representation that the contents
will be conplete or accurate or up to date. The accuracy of any instructions, formul ae and drug doses
shoul d be independently verified with primary sources. The publisher shall not be liable for any |oss,
actions, clainms, proceedings, demand or costs or damages whatsoever or howsoever caused arising directly
or indirectly in connection with or arising out of the use of this material.



http://www.informaworld.com/smpp/title~content=t713646857
http://dx.doi.org/10.1080/0031910029001/0446
http://www.informaworld.com/terms-and-conditions-of-access.pdf

07:51 28 January 2011

Downl oaded At:

Taylor & Francis
Phys. Chem. Lig., 2002, Vol. 40(6), pp. 673684 Taylor & Francis Group

MAGNETIC FIELD EFFECTS ON
DIFFUSION IN
2-DIMENSIONAL ELECTRON FLUID

S. RANGANATHAN®*, R.E. JOHNSON" and
C.E. WOODWARD*

aDepartment of Physics, ®Department of Mathematics and Computer Science,
Royal Military College of Canada, Kingston, Ontario, Canada K7K 7B4;
“Department of Chemistry, Australian Defence Force Academy, Canberra,
Australia 2601

(Received 1 November 2001)

Molecular Dynamics calculations have been performed on a 2-dimensional (2D) electron
fluid interacting with a 1/r potential, and subjected to a perpendicular, uniform and con-
stant magnetic field, for various values of the plasma parameter I'. A new and more
accurate algorithm, that takes into account the effects of the magnetic field exactly,
has been used in the simulation. The diffusion coefficient has been calculated and
the results show a monotonic decrease as a function of the magnetic field strength.
A simple theoretical model based on a generalized Langevin equation predicts a
Lorentzian dependence. The model results are in reasonable agreement with the
Molecular Dynamics results, especially for higher values of T'.
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INTRODUCTION

Static, dynamic and transport properties of classical 2-dimensional
(2D), one-component plasma (OCP) have been studied using Monte
Carlo and Molecular Dynamics (MD) techniques for a number of
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years [1-3]. The electrons interact through the Coulomb potential and,
to ensure charge neutrality, the particles are immersed in a uniform
background of positive charge. The thermodynamic state of the
OCP is completely determined by the dimensionless plasma parameter
I' = ¢?/rokg T, where ry is Wigner—Seitz disk radius, related to the
number density n through nrj = 1/7, e is the charge of the electron,
T is the temperature and kg is the Boltzmann constant. Studies have
shown that the system exhibits fluid—solid transition around I' =130.

When it comes to transport coefficients, some fundamental dif-
ficulties remain. Theory predicts that time-correlation functions
(TCF) in 2D should decay as 1/¢ for large times, so that transport
coefficients, which are the time-integrals of TCF, would then diverge.
However, one can estimate a value for the diffusion coefficient, for
example, from the long-time slope of the mean-square displacement
(msd) of a particle. MD simulations on 2D, classical electron fluid,
indicate that the msd is linear at long times and hence support the
existence of a diffusion constant. Using such an approach, diffusion
coefficients for a 2D OCP, for a range of values of I', have been
obtained [4,5].

In this paper, we investigate the effect of a magnetic field on
diffusion of a 2D OCP. Hansen et al. [4] claimed that the diffusion
in such a system obtained through MD methods is not affected by
magnetic fields. The standard treatment of such MD simulations is
to use periodic boundary conditions in conjunction with Ewald sum-
mations of the Coulomb interaction with the infinite array of periodic
images of the other particles and the background. However, they
chose to place the electrons on the surface of a three-dimensional
sphere and thus avoid boundary conditions from the start. They
have verified their methodology, but their conclusion on the indepen-
dence of diffusion on magnetic field is in variance with expected
behaviour. Since the effect of a magnetic field is to make the electrons
go in a circular path, it is to be anticipated that the diffusion coeffi-
cient should decrease as the magnetic field strength is increased.
Bernu [6] studied a three-dimensional OCP in a magnetic field and
concluded that the magnetic field effect is to decrease the diffusion
coefficient. But in this case, there are two diffusion coefficients to
consider, one parallel and the other perpendicular to the magnetic
field.
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In addition, there are different algorithms to take into account the
effect of a magnetic field on the motion of the electron. It seems that
Bernu [6] has used one that does yield a circular path (in 2 dimensions)
for a pure magnetic field motion, but the circle is not the one that is
obtained based on exact dynamics. Hansen ez al. [4] do not indicate
the algorithm they used in their simulation. We have developed an
algorithm [7] that takes into account the effects of a magnetic field
exactly. Based on these developments, we felt it would be constructive
to investigate again, through MD simulation methods, magnetic field
effects on diffusion in a 2D OCP.

SIMULATION DETAILS

The system is a classical 2D OCP with N electrons of charge ¢ and
mass m embedded in a uniform neutralizing background. The electrons
are in a square box of side length L and interact through the Coulomb
potential ¢(r) = e?/r. The problem of the long-range nature of the
potential in MD simulations is handled using the Ewald [8] sum, a
technique for effectively summing the interaction of an electron with
all of its infinite periodic images. It expresses the potential energy U
in terms of two convergent summations, one in real space and one in
reciprocal lattice space. The well-known result [1] is

22 ZZ‘IS(M _r/ +pl)

i=1 j=

N N S, -
erfc(a|r, i+ pl) JT
- ~N(N -1
L3Sy v

Lzzerfc(g/za)<22cos[g o(ri—rpl— ) (1)

i=1 j=

The sum over p is a sum over integers Aj, A, with p = L(A;, A;); the
prime on this sum implies that if i=j, the p = 0 term is to be omitted.
The parameter « is to be chosen that both series in (1) converge
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rapidly. The force on particle 1, say, is then given by [9]

F(r) = —Vi, U = Zg{—erfc( )Zsmgo (r — r,)]]

+ZZ S1j {erfc( |s1,|)+a|s1,|\/_exp( o |5y )} ()

where §1; =7 — 1, +p.

In addition, the electrons in our system are subjected to uniform and
constant magnetic field acting perpendicular to the 2D plane. The force
is given by the Lorentz term. We have developed a new algorithm that
takes into account the effects of the magnetic field exactly. This result,
which includes the effects of the Coulomb force and the magnetic
field, is [7]

x(t+h)= {2x(l) — x(t — h) = 2a[y(1) — (t — )] + a*x(t — h)
+AR[f(0) — af, (O]} /(1 + &)

Wt + hy = {29() — (¢ — h) + 2alx(t) — x(t — )] + &*y(t — h)
+AR[f(1) + af (D]} /(1 + a*) 3)

Here a = 1 — cos(Bh)/ sin(Bh) and A = 2a/Bh where B is the magnetic
field strength and / is the time step; f\(¢) and f,(¢) are the components
of the Ewald sum expression for the Coulomb force. In the simulation,
we use dimensionless parameters: distances in units of the Wigner-
Seitz radius ry, energies in units of e?/rp, time in units of =
(mry/e*)'* and magnetic field B in units of mc/et, with ¢ being the
velocity of light. We use the above algorithm (3) in our MD
simulation.

The basic cell is a square with side L = (N /nr%)l/ 2 and containing
128 electrons. The starting configuration for the electrons was a face-
centered structure, with velocities given by the Maxwellian distribution
determined by the given plasma parameter I (i.e. inverse temperature).
The time step /& was chosen to be 0.04 in dimensionless units.
Temperature scaling was done every 50 time steps. The equilibrium
configuration was reached after running the MD simulation for
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30,000 time steps (in five cycles of 6000 time steps). We were able
to maintain the temperature to within about 2% of the desired tem-
perature. The magnetic field was now turned on and the tempera-
ture scaling removed. The position co-ordinates of the 128 electrons
for 60,000 time steps were stored. These co-ordinates were later
used to obtain the pair distribution function and mean square dis-
placement. Simulations were performed for I'=10, 50 and 90, and
for each value of I', we considered B=0, 1, 2, 3 and 4. For a typical
areal electron density of 8 x 10'? per square meter, B in dimension-
less units is approximately the same as B in Teslas, and 4=0.04
corresponds to about 0.22 ps.

DIFFUSION MODEL

We have developed a simple model, based on the generalized Langevin
equation, to describe diffusion in presence of a magnetic field. The
equation can be written as

dv ! _ e _ = =

—=— [ y(t—s)(s)ds ——v x B+ R(?), 4
dt 0 mc

where v(¢) is the velocity of the tagged particle, y(¢) is the time-depen-
dent friction coefficient, B is the magnetic field, and R(¢) is a random
force ( per unit mass) which averages to zero and is not correlated with
the velocity of the particle. Since B is along the z-axis and the motion
of the electron is along the x—y plane, we have

. 0 1 0
VX B=Bov wherea=1| -1 0 0
0 00
Taking Laplace transform of (4), we get
B} R —
) = (L = b)) RO 5)
= = iw+ P(w)

where [ is the unit matrix and b(w) = (e/mc)(B/(iw + p(w))).
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The inverse of the matrix can be easily evaluated to yield

I — b(@)a™" R(w) + 7(0)

MO =T @) et @) ©
The self-diffusion coefficient is defined as
D:/(prMm:@mw@) 0
0

Since the random force satisfies the property (R(7) o #(0)) = 0, and
since (o' ¥(0) o ¥(0)) = 0, we obtain

D= Dy —,

(I +(b(0)/7(0))7)

®)

where Dy = ({(¥(0) o ¥(0)))/y(0) is the diffusion coefficient in the
absence of a magnetic field For a 2D  system,
(v(0) o ¥(0)) = 2kgT/m and thus the diffusion coefficient, in units of
r3/7, can be written as

Dy

P8 = Bro, 2y

)

with all quantities in dimensionless units.

Thus this simple model depends on the plasma parameter I', and pre-
dicts a monotonic Lorentzian decrease in diffusion as a function of the
magnetic field strength. Since the model does not predict the value of
Dy, we match it to its MD value in order to compare with the rest of
our MD results.

RESULTS AND DISCUSSION

The stored (x, y) position co-ordinates of the 128 electrons for 60,000
time steps are utilized to calculate quantities of interest. We calculated
the pair distribution function g(r), not only to check the accuracy of
our algorithm and the quality of our data, but also to see if it depends
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on the magnetic field strength. For a classical system, the partition
function would be independent of the magnetic field. Since any equi-
librium quantity can be obtained from the partition function, it
should not be affected by magnetic field. The pair distribution func-
tion g(r), is one such example and is calculated using the formula

(n(r)) = 2nrArng(r), (10)

where (n(r)) is the average number of particles in an annulus of radius
r and thickness Ar, centered at a given particle. Ar was taken to be
0.02, and averages were carried out over 20,000 time steps, with
every fifth time step as a new origin.

In Fig. 1, we have plotted g(r) for I' =90 and for B=0 (solid line) and
B =4 (dashed line). The Monte Carlo results of Gann et al. [2] are indi-
cated by diamonds. We notice that our results are in complete agree-
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FIGURE 1 Plot, for I' =90, of the pair distribution function g(r) as a function r in
units of ro. The solid line is for B=0 and the dashed line for B=4; note that these are
nearly indistinguishable. The Monte Carlo results [2] are indicated by diamonds.



07:51 28 January 2011

Downl oaded At:

680 S. RANGANATHAN et al.

ment with those of Gann ef al. and that, as expected, the pair distri-
bution function is not affected by magnetic field.

The diffusion coefficient D can be calculated through the slope of the
msd at large times, or equivalently from

2
1—00 4[

where

2

1 N
(Ar(0) =5 70 = 70) (11)
j=1

is the mean-square displacement.
The msd became linear and stayed linear, at times well before the
60,000 time-steps used in the simulation. The relative statistical error
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FIGURE 2 (a) Plot, for I'=10, of the diffusion coefficient as a function of the mag-
netic field strength, all in dimensionless units. MD results are indicated by diamonds and
model results by solid line. (b) Same as (a), except for I' = 50. (c) Same as (a), except for
' =90.
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FIGURE 2 (Continued).
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in our results on diffusion is estimated to be about 5%. In Fig. 2a, we
have plotted the MD results (diamonds) and the model results (solid
line) for '=10, as a function of the magnetic field strength B.
Similar plots are shown in Figs. 2b and 2c for I'= 150 and 90, respect-
ively. For comparison, we note that the diffusion coefficient, in the
absence of a magnetic field, has been estimated at 0.014 [4] and 0.013
[5], for ' =90, while our result is 0.015.

Our model involves a parameter p(0), which is related to the diffu-
sion coefficient in the absence of the magnetic field. We chose to
obtain this parameter by matching the model diffusion coefficient to
that of MD at B=0. An exact microscopic expression for the friction
coefficient y(¢) is known, but since it is intractable, attempts have
been made to model y(7). A simple phenomenological form assumes
a Gaussian, given by

y(1) = aexp(—pr’) (12)

The parameters o and B can be related to the coefficients appearing
in the short-time expansion (or equivalently the frequency moments)
of the velocity correlation function [10]. These frequency moments
can be expressed in terms of integrals involving the pair and triplet
distribution functions. Using published results [10] for I'=90, one
gets a value of 0.018 for Dy. One can then use this value, to calculate
D(B) from (9). It is seen that though this Dy is about 20% off the MD
value, the resulting graph is not significantly different for values of B
greater than 1. In other words, our model predicts that the diffusion
coefficient as a function of magnetic field strength is not significantly
affected by its initial value.

It is seen from the plots that while the model does follow the trend of
the MD results, the agreement is better at larger values of I'. An expla-
nation lies in the fact that the Langevin equation works best when the
particles undergo many collisions. Thus it is better suited for higher
densities, and higher densities imply higher values of I', at a constant
temperature. We can improve the model by incorporating a depen-
dence of the friction coefficient y(f) on magnetic field. At higher densi-
ties, there are more inter-particle collisions and hence one may
anticipate the dependence to be weaker. On the other hand, at low
densities, the particles undergo fewer collisions since they would be cir-
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y coord

x coord

FIGURE 3 The motion of a typical electron for I' = 10. Solid line is for B=0 and the
dashed line for B=4.

culating about the magnetic field lines. Imagine, for example, the case
of a high magnetic field, where each particle essentially circulates in
small area and hardly undergoes a collision at all. In such a case, we
would need to include an effective change in the friction coefficient
as the magnetic field increases. We can improve the model by incorpor-
ating such a dependence, for example by introducing a term like
(1+kB?) in y(r), and obtaining the I'-dependent (i.e. density depen-
dent) parameter k by matching the diffusion coefficients at say B=1.

In Fig. 3, we have plotted the motion of a typical electron for I' = 10.
The solid line represents B=0 while the dashed line represents B=4.
One can see the formation of circular trajectories at the higher value
of the magnetic field strength.

CONCLUSIONS

We have done extensive molecular dynamics simulation of a 2D elec-
tron gas interacting through the Coulomb potential, and subjected to a
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uniform, constant and perpendicular magnetic field. A new algorithm,
developed by us, has been used in the simulation. This algorithm treats
the effects of the magnetic field exactly. MD results on diffusion
clearly show a monotonic decrease as a function of magnetic field.
We have also presented a simple model of diffusion, based on the
generalized Langevin equation, for such a system. The results are in
qualitative agreement with MD results.
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